In EGA I [3], projective space P → L gives n + 1 sections of L which don't vanish simultaneously and hence determine a map Y → P n k . The goal of this paper is to generalize this representation to the case of an arbitrary smooth toric variety.
→ L gives n + 1 sections of L which don't vanish simultaneously and hence determine a map Y → P n k . The goal of this paper is to generalize this representation to the case of an arbitrary smooth toric variety.
We will work with schemes over an algebraically closed field k of characteristic zero, and we will fix a smooth n-dimensional toric variety X determined by the fan ∆ in N R = R n . As usual, M denotes the dual lattice of N and ∆(1) denotes the 1-dimensional cones of ∆. We will use ρ to mean ρ∈∆ (1) , and similarly for ⊗ ρ . Each ρ ∈ ∆(1) determines a divisor D ρ ⊂ X and a generator n ρ of ρ ∩ N . Finally, let ∆ max denote the maximal cones in ∆ (i.e., those which are not proper faces of cones in ∆). §1. ∆-Collections and Functors. If a fan ∆ determines a smooth toric variety X, then we can generalize the data in (1) as follows: (ii) (Nondegeneracy)
A ∆-collection on Y is written (L ρ , u ρ , c m ). The compatibility condition on the isomorphsims c m implies that ρ [L ρ ]⊗n ρ = 0 in Pic(Y )⊗ Z N . However, the triviality of this sum is not sufficient: data of the ∆-collection includes an explicit choice of trivialization (the c m 's), which is not unique. The examples given below will show why this is needed. Finally, when dealing with a toric variety X determined by ∆, we will sometimes speak of X-collections rather than ∆-collections.
We get a canonical ∆-collection on the toric variety X as follows. For each ρ, the divisor D ρ gives a line bundle O X (D ρ ) since X is smooth. Furthermore, the natural inclu-
Thus we get an isomorphism of sheaves
where the second isomorphism is induced by χ m .
Proof. Compatibility is trivial since χ
To prove nondegeneracy, take x ∈ X. Since X = ∪ σ∈∆ max X σ , where X σ is the affine toric variety determined by σ, we have x ∈ X σ for some σ ∈ ∆ max . Since
is an isomorphism at x, and nondegeneracy follows.
The ∆-collection (O X (D ρ ), ι ρ , c χ m ) will be called the universal ∆-collection. This terminology will be justified below. 
, and one can check that setting As is well-known, such n-tuples are classified by morphisms Y → A n k . Example 1.2. Let X = P n k , where the n ρ 's are e 1 , . . . , e n and e 0 = −
. Furthermore, the nondegeneracy condition means that the map i v * i : Returning to the general case, it is easy to see that the pull-back of a ∆-collection is again a ∆-collection. Thus we get a functor C ∆ : k-Schemes
• → Sets defined by
The main result of this paper is the following theorem:
smooth toric variety, then the above map
is a bijection for all k-schemes Y . Thus the toric variety X represents the functor C ∆ .
Proof. First assume that the n ρ 's span N R . In this case, we know by [2] that X is a geometric quotient (A
, Z is defined by the vanishing of ρ ⊂σ x ρ for σ ∈ ∆ max , and G = Hom Z (Pic(X), G m ).
We will construct an inverse map
. Since the n ρ 's span N R and X is smooth, we have an exact sequence
where α is defined by m → ( m, n ρ ). Since Pic(X) is torsion free, the above map c
). The nondegeneracy condition implies thatf U (x) / ∈ Z, so that composing with the quotient map π :
We need to see how the choices made in the above construction affect the map f U . A different set of choices would lead to a ∆-collection (O U , w
all m ∈ M (because the λ ρ 's must preserve the trivializations 1 :
It follows from (2) that we get a homomorphism g :
If we evaluate this at a closed point x ∈ U , we get an element g x ∈ G = Hom Z (Pic(X), G m ). Then the points (w ρ (x)) and (w ′ ρ (x)) = (λ ρ (x)w ρ (x)) are related by g x and hence give the same point in X.
This shows that f U : U → X depends only on the equivalence class of (L ρ , u ρ , c m ). From here, it follows easily that the f U patch together to give a morphism f : Y → X.
It remains to show that this map is the inverse of the map Hom
An easy argument shows that the natural map
and f = π •f , wheref (x) = (w ρ (x)). We first observe that
where π : U → X is as above. To prove (4), note that π
follows immediately. Then, returning to f = π •f , we conclude from (4) that
sincef (x) = (w ρ (x)), and (3) follows. Finally, suppose we have f :
We need to show that f ′ = f . First suppose that f factors f = π •f for some mapf : Y → U. Thenf can be writtenf (x) = (w ρ (x)), where
. From (5) and the construction of f ′ , it follows immediately that f ′ = f .
In the general case, note that G acts freely on U since X is smooth (this is easy to prove), so that π : U → X is smooth. Then standard results about smoothness imply that f : Y → X lifts locally to U in theétale topology. Since Hom k (−, X) is a sheaf in theétale topology on Y , we obtain f ′ = f , and the theorem is proved in the case when the n ρ 's span N R .
We next study what happens when the n ρ 's don't span N R . Let N 1 = N ∩ Span R (n ρ ). The fan ∆ can be regarded as a fan ∆ 1 in N 1 , which gives a smooth toric variety X 1 of dimension d = rank(N 1 ). The inclusion N 1 ⊂ N induces an inclusion X 1 ⊂ X, and the projection N → N/N 1 induces a surjection
Since N/N 1 is torsion free, we can write N = N 1 ⊕ N 2 for some complement N 2 ⊂ N . Then ∆ is the product fan ∆ 1 × {0}, which implies that X is (noncanonically) the product 
Further, if we define c
) is a ∆ 1 -collection on Y , and it follows easily that we have a natural transformation
Combining these maps, we obtain
, it is straightforward to show that the map (6) is a bijection. Now consider the following diagram:
The vertical maps come from (6) and X ≃ X 1 × T 1 , and note that both are bijections. The map on the bottom is the product of the bijections Hom
. It follows that the map on top will be a bijection (and the theorem will be proved) provided the diagram commutes. By general nonsense, we only have to prove commutivity for 1 X ∈ Hom k (X, X). Going down and over, 1 X maps to (π *
, where π 1 : X → X 1 is the projection and φ :
Going the other way, we need to study what happens to
Let's start with the second factor. Here, note that for m ∈ N However, since π 1 : X → X 1 is a toric map taking n ρ ∈ N to n ρ ∈ N 1 , it follows easily that π *
in a way that preserves the section ι ρ (this follows, for example, by looking at line bundles as determined by support functions and studying how π 1 affects support functions). For m 1 ∈ M 1 , we have χ
, and it follows immediately that π *
). The proves commutivity, and the theorem follows. Remark 1.1. When the n ρ 's span N R , we get an alternate description of the universal ∆-collection as follows. By [2] , α ρ = [D ρ ] ∈ Pic(X) gives a sheaf O X (α ρ ) on X, which is a line bundle since X is smooth. Furthermore, [2] gives a canonical isomorphism
we have x ρ ∈ S α ρ , so that we can write
. This follows easily using the isomorphisms
Remark 1.2. Using the representability criterion given in Proposition 4.5.4 from [3] , one can prove directly that C ∆ is representable, without knowing the toric variety X. To see how this works, let σ ∈ ∆ max , and define the functor
Using the isomorphisms u The proof of (ii) is completely straightforward, and (iii) follows easily from the nondegeneracy condition. For (i), we need to show that given a ∆-collection (L ρ , u ρ , c m ) on Z, the functor
by an open subset Z σ ⊂ Z. This is easy: Z σ is the biggest open subset of Z where u ρ is an isomorphism for all ρ ⊂ σ. We leave the details to the reader.
By proving that C ∆ is representable, we get an alternate construction of the smooth toric variety X. This might be useful for studying toric varieties over more general bases (for example, over the integers or over finite fields). §2. Maps Between Toric Varieties. As an application of Theorem 1.1, we will describe all maps from P m k to a smooth toric variety X where the n ρ 's span N R . In this case, recall that X is the geometric quotient (A
Theorem 2.1. Let X be a smooth toric variety such that the n ρ 's span N R , and suppose we have homogeneous polynomials P ρ ∈ k[t 0 , . . . , t m ], indexed by ρ ∈ ∆(1), such that: 
(ii) All morphisms f : P m k → X arise in this way. Proof. Given the P ρ 's satisfying (a) and (b), note that for every m ∈ M we have ρ d ρ m, n ρ = 0, which gives a canonical isomorphism of sheaves can m ), which shows that f is determined by the P ρ 's. It is easy to see that conditions (a) and (b) are satisfied, and the theorem is proved.
